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Abstract— Major challenges exist in the design of gene
regulatory networks. Some of these can be addressed by the in
silico modelling and design of systems prior to implementation.
However, reliable modelling of a given system is predicated
upon a range of simplifying assumptions which may only be
valid for a limited range of architectures and experimental
conditions. In this paper we study the autorepressor, also
referred to as the negative autoregulator, a genetic motif
common both in natural and synthetic circuits. A number
of approaches to modelling the autorepressor are presented,
and one of these is extended to include the impact of inducer
consumption, a phenomenon frequently observed in experi-
ments. We implement this system using the tet-repressor (TetR),
and compare the in vivo data with the results of simulations
using parameters taken from the literature. We demonstrate
that a modelling approach that considers inducer sequestration
due its binding with a transcription factor may be required
to qualitatively replicate experimental results. We conclude
by drawing comparisons between experimental and simulated
results, and discuss approaches by which modelling could be
extended to better represent observed behaviours.

I. INTRODUCTION

Building reliable Synthetic Biological systems is challeng-
ing [1] due to factors including the inherent fluctuations and
noise of the cellular environment [2], as well as unforeseen
interactions between biological components and systems
[3]. To address these challenges Synthetic Biologists have
attempted to introduce elements from control engineering
[4], [5], [6], inspired by a range of natural biological systems
known to utilise analogous architectures [7]. The design of
such control architectures is informed by extensive in silico
modelling, which has motivated the development of a range
of mathematical approaches describing biological networks
and systems [8]. However, these mathematical frameworks
are built upon a broad array of assumptions which may
in some cases be violated, thereby undermining the perfor-
mance of systems they have been used to design [9].

The autorepressor (or negative autoregulator) is a common
genetic control motif, consisting of a gene that encodes a pro-
tein repressing its own expression (Fig. 1a). This architecture
has been well-studied in various contexts [10], [11], [12],
[13], and is employed ubiquitously to control expression
of repressors in both prokaryotes [14] and eukaryotes [15].
Since it represents a standard, minimal, regulatory unit, the
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autorepressor can be used as a model system to compare
in silico and in vivo results for gene regulatory networks.
Models of the autorepressor vary in complexity, from single-
state descriptions to more complex reaction networks that
include both transcription and translation processes [10],
most of which rely on the Hill function to describe the
mechanism of repression. The selection of a particular model
is informed by the need to capture sufficient richness of
behaviour for a given design task, whilst simultaneously
minimising the number of model parameters that must be
selected. This is critical for the design of many systems
in which desirable behaviours (for example, oscillations)
may only emerge for limited ranges of parameter values
[16], [17]. Thus, valid correspondence between in silico and
experimental results is predicated upon reliable selection of
a modelling framework and parameter values.

In this paper we have constructed a biological implemen-
tation of the autorepressor, using the repressor (TetR) and
promoter (P;;) of the tetracycline (tc)-resistance gene cluster
found in many bacteria (Fig. 1b), similar to circuits in [11],
[13]. In Section II we describe the biological implemen-
tation of our autorepressor. In Section III we then present
a biochemical description of its behaviour, and identify
appropriate parameter values from the literature. In Section
IV we simulate dose responses for 1- and 3-state models of
the autorepressor, and compare these results to experimental
data. Based on these comparisons, in Section V we extend
the 3-state model to create a 4-state model that accounts for
consumption of inducer molecules, and compare this with
additional data. Finally, Section VI concludes the paper.

II. BIOLOGICAL IMPLEMENTATION

To benchmark different modelling approaches, we con-
structed a biological implementation of autorepression us-
ing TetR, the repressor of the tetracycline (tc)-resistence
gene cluster (Fig. 1b). Two recently made autorepressor
plasmids pCK200 and pCK210 (as pCK200 but with lacl
replaced with another gene not used in this study; no fluores-
cence/growth differences between either plasmid) were used
in this biological implementation of the autorepressor circuit
[18]. These plasmids consist of ampR (confers ampicillin
resistance), the pBR322 origin of replication (resulting in
a copy number of 15-20 per cell [19]), the tet promoter
(Ptet), a synthetic RBS (with a translation initiation rate
of 50,000), and a tetR-sfGFP fusion gene. The fusion of
the TetR protein to sfGFP allows real-time quantification of
protein production (and thus gene expression). TetR, in the
absence of the inducer (anhydrotetracycline, aTc), is free to
bind to the DNA recognition sites in P..;. This prevents
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Fig. 1: (a) The minimal representation of the autorepressor.
The black dot represents a transcription factor (TF), the blunt
arrows represent repression, and the pointed arrow represents
a system output. The inducer, U, inhibits the expression of
the TF. (b) The biological parts used in the circuit studied
in this paper.

RNA polymerase from binding to the DNA, thus halting
expression from this promoter. TetR binds to free aTc (when
it is present) with high affinity, resulting in a conformational
change in TetR which prevents its binding to P, thus
allowing transcription and subsequently translation to occur.
A typical working concentration of the inducer aTc is 0
to 100 ng/ml [20], which is sufficient to fully induce the
promoter, whilst not excessively inhibiting cell growth.

The wild-type laboratory E. coli strain, MG1655 was used
for all experiments. Cells were transformed with the au-
torepressor plasmid (pCK200 or pCK210) and transformants
used to inoculate EZ rich defined media (Teknova Inc), which
were grown overnight at 37°C with vigorous shaking. These
starter cultures were diluted to an optical density (ODgoonm)
of 0.05 in 300 pl of fresh EZ rich defined media and grown
in deep well multiplates at 37°C with rapid shaking. At
specified time points, samples were taken and diluted 1:10
into phosphate-buffered saline (PBS) to a total volume of 200
pl. These samples were then loaded into the autosampler of
an Attune NxT Flow Cytometer (ThermoFisher Scientific)
and GFP fluorescence was measured. Data shown represent
the geometric mean of 10,000 events (cells).

In plate-reader experiments, transformants were grown in
200 pl of EZ rich defined media in shallow 96-well plates
and incubated at 37°C with vigorous shaking in a FLUOstar
Omega microplate reader (BGM Labtech), which measured
ODgponm and GFP fluorescence at regular intervals.

III. BIOCHEMICAL MODEL OF THE AUTOREPRESSOR

We begin by building a biochemical reaction network that
describes the autorepressor, taking specific details of the
tet-repressor mechanism into account. Since TetR dimerises
with a very high affinity [21] we neglect to model this
process, assuming TetR only exists in dimer form (the form
in which it is active). Furthermore, we assume that the free
TetR dimer is the only species that can interact with the
P;.: operator region, which is justified since the binding of
aTc to TetR reduces TetR’s DNA binding affinity by many

orders of magnitude [14]. Thus, the TetR autorepressor can
be represented by a chemical reaction network of the form:

ap
Ma—>M+P, P,y
G2 G+ M, 5p
ky PU—>®, )
P+U== Py,
+ k_1 v PG—>6P G,
P+G::2pg, M 2y )
—2

where P is the concentration of free TetR dimer protein,
M is the concentration of mRNA encoding the TetR-sfGFP
fusion protein, G is the free gene concentration, and U is the
inducer concentration. The complexes Py and Pg are the
TetR-inducer and the TetR-gene complexes respectively. The
rate of transcription is ap and the rate of translation is ;.
We assume the degradation rate of TetR (dp) is unaffected by
its bound state, and that mRNA degrades with rate ;. We
model the binding of TetR and inducer or gene as reversible
reactions with forward/reverse rate constants of ki; and
ko respectively. Gene concentration is also conserved, with
Giot = G + Pg, where Gy, is total gene copy number,
which in this case is equal to the plasmid copy number.

For the biological implementation of this system the
experimental output is measured fluorescence intensity. This
is used as a proxy for the concentration of TetR, since each
TetR protein is tagged with the fluorescent protein sfGFP.
Thus, the measured output (Y) is the combination of all
species that include TetR:

Y=P+ Py + Ps. )

For simulations we used parameter values (presented in
Table I) from the literature as follows. The doubling time
of the cell is assumed to be 28 min, which yields dp. The
turn over rate of mRNA is assumed to be 10 times this [22],
giving d,;. We set the transcription rate (ajs) to a reasonable
biological value of 1 min—?!, and set the translation rate
(aup) to half this value since TetR is assumed to quickly
dimerise to create its functional form. We generally have
K < K¢ [23] because the interaction between TetR and aTc
is stronger than that between TetR and its operator region.
We select values from systems similar to ours, resulting in
Ko = 107" M [24] and K; = 10~'2 M [23]. The value
of ki is from [25] and the value of k_o is calculated from
the half-life of the TetR-operator complex from [26]. The
gene concentration Gy, is consistent with the pBR322 ori-
region used on the plasmid, which has a copy number of
about 17 [19], in a cell of volume 1015 1. We convert to
the inducer units of ng ml~" in simulations using a molecular
weight for aTc of 426 g mol ™.

IV. STEADY STATE DOSE RESPONSE

In this section, we show the importance of model selec-
tion for predicting the dose response of the autorepressor.
To describe the autorepressor we interpret the biochemical
reactions detailed in (1) in two different ways, providing two
different models.
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A. Single State ODE Model

The most common mathematical model describing the
autorepressor is a single-state model, employing a Hill
function to model the repression mechanism [10], [11], [12],
[14]. Here we include the inducer concentration in the Hill
function, so that it can be treated as an explicit input to the
system. The single-state model is thus expressed as:

OzGtOtKG (KI + U)

Y:
KoK +U)+ K1Y

—0pY, 3)

where Y is the concentration of repressor protein (TetR) and
U is the concentration of inducer. Also, o = ag’i;M is the
maximal expression rate, G, is the total concentration of
gene, dp is the degradation rate of the repressor protein,
and Kg = kk;; and K; = kk;ll are dissociation constants
for the interactions between the repressor and gene, and the
repressor and inducer respectively.

The on-off reactions between the repressor, and inducer
and gene in (1) are reduced to rational functions using
standard methods [8], [27], resulting in the Hill function.
The Hill coefficient used is n = 1, which is consistent with
the literature [11], [14]. This process reduces the number of
states required to model the system by two, which is further
reduced to one by modelling transcription and translation in
a single step (with rate «), on account of the time scale
separation between the life-times of mRNA and protein.

Setting Y =0 the steady state TetR concentration (Y *%)

is:
140Gyt K
1+ Olgot AT 1
opKa(Kr+U)

“4)
In the limit of large U (inducer saturation) this expression
simplifies to Y*% =~ % This is the expression expected
when there is no autorepression, or equivalently, if Kg

is large: The mechanistic equivalent of very weak binding
between TetR and the P,.; operator region.

Ke(Kr+U)

YSS (U) — 2KI

B. Three State ODE Model

Instead of simplifying our system’s dynamics via expres-
sion as a single Hill function, we can utilise a system of
ODEs to model the TetR, inducer-TetR complex, and free
gene concentrations separately:

Py = kiPU — (k_1 4 0p) Py,
G = —kyPG + (k_g 4 6p)(Gior — G),
P=aG —0pP —kPU +k_1Py
— ko PG + k_2(Giot — G).

&)

This system of equations more accurately reflects the reac-
tions included in (1), though it again assumes that expression
can be modelled as a single step with rate «. The system’s
output, which corresponds to the fluorescence of the TetR-
sfGFP fusion proteins and is noted in (2), can be expressed
in terms of the variables used in (5) as:

Y = P+ Py 4 Gior — G. (6)

aTc

l —
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Ptet

sfGFP
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Fig. 2: Biological circuit topology of open-loop expression
repressed by TetR through the P..; promoter, similar to that
in [20].
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Fig. 3: Simulated dose responses of the single- and three-

state models of the autorepressor (Eqns. (3) and (5) respec-

tively) and repressed expression (Eqns. (7) and (8)).

C. For Comparison: Repressed Expression

The open-loop TetR repression mechanism, in which TetR
is constitutively expressed (Fig. 2), is frequently used for
control in synthetic circuits, and has a dose response that is
well-known [20], [24]. By way of comparison to (3), based
on a chemical reaction network very similar to (1), a single-
state ODE model of repressed expression of a gene using a
Hill function can be derived:

Y - OéGtOtKG(K[ + U) .
Ko(Kr4+U) 4+ KiPiot

opY, (7

where Y in this case is the concentration of reporter protein
(sfGFP in Fig. 2), P,, is the bulk concentration of the
repressor TetR, which is constitutively expressed in the cell,
and other parameters are defined analogously to before.

As in the case of the autorepressor, a more detailed three-
state model of this system can be constructed avoiding the
Hill function:

Y =aG — 6pY,

G = —koPG + k_o(Gor — G),

P =—kiPU +k_1(Poor — P — Gio + G)
— ko PG + k_o(Gior — G),

®)

where parameters are defined analogously to before.
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TABLE 1. Parameters values used in simulation,
taken/calculated from the literature as described in
Section III. P;,; is selected so that the repressed expression
simulations in Fig. 3 approximate those in [20].

Param. ‘ Value ‘ Param. ‘ Value
ap 0.5 min— 1 k1 0.42 nM~T min~?T
Sp 0.025 min—! k_1 4.2 x 10~% min~!
aM 1 min—?! ko 5.8 nM~! min—!
oM 0.25min~ ! k_o 5.8 x 10~ 2min—!
K 10—3 nM Giot 28.2 nM
Kg 10~ 2nM Piot 40 nM

D. Simulated Dose Response

In Fig. 3 we simulate dose response curves for the models
in (3), (5), (7), and (8) using the parameters presented in Ta-
ble I. The open-loop repressed expression profiles correspond
well with those in Fig. 4a of [20]; full saturation is achieved
when the inducer concentration reaches approximately 25 ng
ml~!. The behaviour of the single- and three-state models of
the open loop system correspond closely, demonstrating that
the single state model of repressed expression is a singularly-
perturbed reduction of the three state case.

However, this is not true for the simulated autorepressor,
for which the dose response curves for the one- and three-
state models show sensitivities to inducer concentration that
differ substantially. This difference is caused by inaccuracies
in the reduction in (3) which predominantly arise because
we have k_; < dp. If we set K1 = dp/k; in (3), then the
single-state model for the autorepressor closely aligns to the
outcome of the three-state model in Fig. 3.

E. The in vivo Dose Response

To assess the behaviours predicted by these models, the
dose response of the autorepressor was then experimentally
measured using the methods detailed in Section II. The
geometric mean of 10,000 events in a flow cytometer was
calculated to give the average fluorescence per cell in a popu-
lation, which was averaged over biological triplicates, and is
presented in Fig. 4. The dose response of the autorepressor
(Fig. 4a) begins to rise at [aTc]~10 ng ml~!, and is still
not saturated at [aTc]= 400 ng ml~!, as predicted by the
three-state model (5) in Fig. 3. We do not observe a clear
saturation in the measured dose response; for the higher
inducer concentrations (1000 and 4000 ng ml~!) the output
is significantly decreased. This is likely a result of burden on
the cell due to the high concentrations of toxic aTc, which
can slow or prevent growth and gene expression. Fig. 4b
demonstrates that for [aTc]= 1000 ng ml~' the output is
still rising at the end of the experiment, and thus may yield a
higher output as predicted in Fig. 3. However, when inducer
concentration is increased further ([aTc]= 4000 ng ml~!)
the high burden/toxicity results in a monotonic decrease in
fluorescence throughout the experiment.

There are thus two primary qualitative differences between
our experimental and simulated results. First is the impact
of aTc toxicity, which leads to decreased output at high
induction levels. This is an obvious direction for further
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Fig. 4: Flow cytometry data from the circuit encoded by
plasmid pCK210 illustrating (a) The dose response of TetR
autorepressor fluorescence to increasing concentrations of
anhydrotetracylcline (aTc). (b) Time course of TetR autore-
pressor fluorescence at various concentrations of aTc.

research. The second is that rather than reaching a steady-
state, fluorescence output is observed to peak (earlier for
lower inducer concentrations) and then decrease over time
(clearly observable for [aTc]= 40,100 ng ml~! in Fig. 4b).
We hypothesise that this is caused by sequestration of a
limited pool of aTc, which we investigate in the next section.

V. THE TIME COURSE DYNAMICS

Motivated by the potential aTc sequestration observed in
the previous section, we extend our three-state model to
reflect this and analyse the system’s time course behaviour.

A. Extended Four State ODE Model

Inducer (aTc) depletion due to its binding with TetR is
known to occur experimentally [28], but is not included in
common modelling frameworks [10], [11], [14]. In many
systems, when the tet-repressor is in open loop, this fac-
tor is justifiably ignored because TetR concentrations are
sufficiently low to leave most aTc unbound. However, the
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negative feedback in the closed-loop autorepressor means
that when aTc is added to the system, transcription and
therefore expression of the TetR-sfGFP fusion continues until
virtually all of the aTc is sequestered. This results in a total
concentration of the repressing fusion protein that is almost
equivalent to that of the inducer. Dividing cells continue
to sequester inducer (and share the expressed repressor-
inducer complex) until there is none left in solution, at which
point repression kicks in, preventing further production of
the fluorescing repressor. Subsequently the cells continue
to divide, diluting the previously expressed repressor and
causing the fluorescence per cell to drop. Expanding (5) to
include this mechanism, our model takes the form:

Py = kiPU — (k_, + 6p) Py,
G = —kyPG + (k_g 4 6p)(Gior — G),
U= —kPU+k_1Py, 9)
P=aG —6pP —kiPU +k_,Py
— koPG 4 k_2(Gior — G),

where the new state U records the concentration of the free
inducer. The inducer can be in two forms: free (U) and
bound to repressor (Pp). In the form where it is bound to
repressor, it degrades, simulating the dilution of the protein
as cells divide. This simple model treats the inducer as a
finite resource that is consumed over time. In reality this
process would be slowed since some aTc from the growth
media would be transported into the cell over time.

A comparison of the three- (5) and four-state models (9)
is presented in Fig. 5. The three-state model settles down to
a non-zero steady state, whereas the four-state model settles
at zero, peaking at higher values for higher levels of inducer.
Additionally, the peak fluorescence values are predicted to
occur at later times for higher concentrations of inducer.

B. In vivo Time Course

We now perform plate-reader experiments to more ac-
curately characterise the time-course performance of our
system, for which data is presented in Fig. 6. As predicted
by the four-state model (9), the fluorescence can be seen
to rise and then fall as the inducer aTc is sequestered in
the cell and in effect ‘consumed’ (though part of this fall is
due to increasing OD whilst minimal fluorescent reporter is
expressed). The peaking of fluorescence values also occurs
in a staggered manner, according to the initial concentrations
of inducer, with higher concentrations peaking at later times.
These qualitative traits parallel those in observed in Fig. 4b,
and are in agreement with the simulations of the extended
model (9) in Fig. 5. The optical density of the cell cultures
(Fig. 6b) demonstrates a reduction in growth for increased
aTc concentrations, though at these concentrations toxicity
has only a minor effect.

VI. CONCLUSION

We found that (compared to open-loop expression) an
autorepressing (closed-loop) system is sensitive to higher
inducer concentrations, which are sufficiently large to prevent

80
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Fig. 5: Simulated time course data for the three- and four-
state models (Equations (5) and (9) respectively). As TetR
is produced, for the four state model all aTc is eventually
bound, after which any TetR produced is able to repress it’s
own expression (and hence that of GFP).

the system reaching a true steady-state dose-response due
to the inducer’s toxicity. We also find that, because TetR
concentrations are higher in the closed-loop case, considera-
tion of inducer sequestration is vital for accurate modelling
of the in vivo behaviour of the autorepressor. Future work
could include extending models to consider cell growth
behaviour (as measured in Fig. 6b), as well as fitting models
to data and utilising structural identifiability methods [29]
to assess which parameters can be ascertained from a given
data set. Furthermore, different experimental procedures that
utilise microfluidics or a turbidostat setup to regulate inducer
concentration could be employed to investigate sequestration
mechanisms. Overall, this study highlights the importance
of careful model selection when combining theory and
experiment, particularly to include the impact of inducer
sequestration when feedback architectures are utilised.
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